INTRODUCTION
Vibro-acoustic interactions are critical aspects in many practical engineering problems and are often found in conjunction with acoustic wave propagation in complex flows (especially in transport engineering).
On the one hand, acoustics of fluid loaded structures in a quiescent fluid have been widely studied for many years. Standard and efficient tools now exist to solve this class of problems [1] .
It has been shown that uniform mean flows can significantly change the vibroacoustic behavior of fluid loaded structures [2, 3] : an infinite plate may become unstable for certain mean flow speeds (similar conclusions were obtained for finite plates [4, 5] and finite cylindrical ducts [6] ). Such a behavior is often attributed to the negative stiffness added by the acoustic radiation process in the mean flow [7] .
On the other hand, the propagation of linear acoustic waves in a non-uniform flow is governed by the linearized Euler equations. Since this set of equations is quite difficult to solve, a simplified model, the full potential theory, has been heavily studied by many investigators [8] . This theory relies on the hypothesis that the acoustic displacements and mean flows are irrotational. But if refraction effects by mean flow shear are to be described, one has to solve the complete linearized Euler equations [9] [10] [11] .
The influence of sheared mean flows on vibro-acoustic interactions have only been seldom investigated. Pagneux and Aurégan extended Pridmore-Brown's model to infinite ducts with vibrating walls [12] . To address this problem, the present paper introduces an original method based on Galbrun's model [13] for describing acoustic waves in a non-uniform mean flow. The coupling conditions are easily formulated since, with a mixed formulation of Galbrun's equation, the acoustic displacement and pressure are explicit variables of the model.
The present paper is organized as follows. Section 2 is intended to introduce the underlying theory of Galbrun's equation. In Section 3, the hypotheses and model for the vibro-acoustic interaction problem are presented and the corresponding variational formulation is derived. The model is then solved in Section 4 with a finite element method. In Section 5, a first group of results is presented to validate the numerical model against an analytical one, then examples illustrate the capabilities of the model.
GALBRUN'S EQUATION
With the Lagrangian specification, the cinematic of a fluid flow is described by the trajectories x (a, t) of the fluid elements. The latter are identified by their positions a in a reference state so that the independent variables are related to fluid elements.
With the Eulerian specification, the velocity field observed for all locations y in the fluid provides the kinematic of the flow. The independent variables are then associated with a spatial location.
To analyze linear perturbations of fluid dynamic equations, one considers two almost identical flows: a standard one (described by x 0 (t)) and a perturbed one (described by x(t)). A quantity (scalar or tensor) measured in the base flow is denoted by ψ 0 while ψ denotes the same quantity measured in the perturbed flow.
An Eulerian perturbation ψ E is defined as the discrepancy of the measured quan-tity between the base and perturbed flows at a given spatial location y. On the other hand, a Lagrangian perturbation ψ L is defined as the discrepancy between the two flows for a given fluid element situated in x 0 in the base flow:
Since in equation (2), an Eulerian specification of ψ is used to define a perturbation associated with a given fluid element, the quantity ψ L corresponds to a mixed, or Euler-Lagrange, representation.
Assuming small amplitude perturbations, useful properties can be obtained from these definitions. On the one hand, one can derive the following expression relating
Eulerian and Lagrangian perturbations valid up to the first order in the perturbation amplitude:
where w is the displacement Lagrangian perturbation. Equation (3) shows that Eulerian and Lagrangian perturbations are equivalent when ψ 0 is uniform in the base flow. On the other hand, it is known that Eulerian perturbation and derivation operations commute (the perturbation of a gradient is the gradient of the perturbation). This does not hold for Lagrangian perturbations:
It is worth noting that Eulerian perturbations can be recovered from Lagrangian ones, thought, in general, the opposite is not possible. An in-depth account on mixed representation can be found in [14] .
In order to obtain Galbrun's wave equation, the definitions and properties of
Lagrangian perturbations are applied to fluid dynamic equations for a perfect fluid undergoing an isentropic flow (viscosity and thermal conductivity are neglected).
The continuity, momentum and constitutive equations are:
where ρ is the density, v i the velocity components and p the mechanical pressure.
Applying the rules (3)-(4) for Lagrangian perturbations to the fluid dynamic equations gives:
where d 0 /dt is the material derivative in the mean flow. Combining equations (5) and (7) to eliminate pressure and density variables in equation (6) leads to Galbrun's equation: 
VIBRO-ACOUSTIC INTERACTION MODEL
The derivation of the model describing vibro-acoustic interactions is now addressed. The problem at hand is an acoustic domain Ω a coupled with an elastic structure Ω s (see Figure 1 ). These two domains have a common boundary Γ c . Two others boundaries are defined:
The structure is considered linear elastic and isotropic with no initial stress and strain. Thus, the structure vibrations are governed by the following set of equations:
where ρ s is the material density, u the structural displacement, σ the stress tensor, f s the external force density, F s the boundary forces and n the inward normal on
For the acoustic domain, one considers a perfect fluid undergoing a known, stationary, subsonic flow described by (ρ 0 , p 0 , v 0 ) given at each point in Ω a . On Γ c , this mean flow satisfies the slip condition v 0 ·n = 0. The acoustic waves propagating in the mean flow are described by Galbrun's equation (8) which is rewritten:
where f a is the external force and s the pressure source. The superscript L on the pressure Lagrangian perturbation p is omitted. For the sake of clarity, the influence of mean flow pressure gradients is neglected here but can be easily taken into account. The use of both pressure and displacement variables will be justified later.
The acoustic waves and structural vibrations are coupled by the geometric and mechanic conditions. Since one considers a perfect fluid, the kinematic compatibility condition states the continuity of the normal displacement on Γ c while the mechanic condition implies the normal stress continuity. According to Godin [20], for a structure without initial stress and strain, these conditions reduce to:
where n denotes the normal pointing toward the structure.
The vibro-acoustic interaction problem defined by equations (9) to (13) is now expressed as a variational formulation for time harmonic solutions of the form:
The trial functions associated to w, p and u are denoted by w * , p * and u * . After integrating by parts, the following variational formulations are obtained:
where the overbar represents the complex conjugate and ε the symmetric strain tensor. Since one considers time harmonic solutions, the material derivative represents
The boundary integral on Γ c in equation (14) is simplified by the slip condition v 0 · n = 0 for the mean flow. And, with the geometric condition (13a), the normal acoustic displacement is replaced by the normal structural displacement. The mechanic condition (13b) is also used in the boundary integral on Γ c in (15) for the structure. Thus, the coupled system variational formulation is obtained:
The use of a mixed pressure-displacement formulation for the acoustic waves is justified by two arguments.
First, the use of acoustic displacement and pressure variables leads to a simple formulation of the coupling conditions. With displacement based formulations, special treatments are required at the fluid-structure interface Γ c in order to take the mechanical coupling condition into account [21, 22] . This is not the case with the mixed formulation (16) since the variables w, p and u involved in equation (13) are explicit variables of the model.
Secondly, it is worth noting that with no mean flow Galbrun's equation (8) 
FINITE ELEMENT MODEL
In this section, a finite element model is used to solve the variational formulation (16) for axisymmetric ducts. The solutions are written:
where m is the azimuthal mode number.
In the (r, z) plane, the computational acoustic domain is approximated with linear triangular elements. The pressure interpolation is linear while the displacement interpolation uses linear functions plus a 'bubble' function (this element is known as P After assembling the element contributions, the following linear system is obtained:
where w, p and u denote the acoustic displacement, pressure and structural displacement unknown vectors respectively. The matrices introduced in equation (18) are defined by:
It is worth noting that M a , K a , K s and M s are hermitian matrices. The sparse system (18) can be readily solved to obtain the finite element solution.
VALIDATION
To demonstrate the validity and accuracy of the numerical model, it is tested against two analytical models which are complementary. The first one considers finite length elastic duct with uniform flow and the external solicitation is applied on the structure. On the other hand, the second model [12] is an extension of Pridmore-Brown's equation and handles infinite elastic duct with sheared flows.
FINITE DUCT WITH UNIFORM MEAN FLOW
One considers an annular duct carrying an uniform axial mean flow (see Figure   2 ). The duct outer wall is an elastic thin shell while the inner wall is rigid. At both ends of the duct, all rotations and displacement are prescribed to zero except axial displacements and azimuthal rotations. A radial, uniform, harmonic force (1N/m 2 )
is applied on the shell and the acoustic pressure is set to zero at the inlet (z = 0) and outlet (z = L). Thought it does not represent a practical situation, this problem is useful since it is possible to derive an analytical solution. The details of this analytical model are given in Appendix A and Table 1 A good accuracy is achieved in the two cases both for acoustic pressures and structural displacement amplitudes. The small deviation of the numerical result from the analytical solution on Figure 5 can be attributed to the very small dissipation added by the numerical schemes. The effect of the numerical dissipation is noticeable here since there is a strong coupling between the acoustical and structural modes.
INFINITE DUCT WITH SHEARED MEAN FLOW
The numerical method is also validated with the model proposed by Pagneux and Aurégan [12] . The computational domain and the finite element mesh are similar to that described on Figure 2 and the problem parameters are also given by Table 1 Due to the acoustic energy deviation near the duct, the coupling with the elastic duct wall is more important.
EXAMPLES
In this section, the capabilities of the numerical method to solve realistic problems with higher order modes (m = 0) and complex geometries is illustrated. The following examples also represents situations where it is necessary to describe accurately both vibro-acoustic interactions and wave propagation in sheared flows.
A cylindrical elastic duct which carries an axial flow is placed between two infinite rigid ducts (see Figure 8 ). The computational domain comprises the 1 meter long elastic duct and two portions of the rigid ducts (half a meter each). The duct boundary conditions are the same as for the validation problem. At the inlet, an incoming acoustic mode is simulated by prescribing the corresponding displacement field, the pressure is not imposed. The acoustic mode displacement profiles at the inlet section are obtained with Pridmore-Brown's model for a rigid duct [33] . At the outlet, the non-reflecting condition based on the modal impedance is used.
In the following results, the incoming acoustic mode defined by m = 4, n = 1 at 570Hz is considered. Other parameters of the problem are given in Table 2 . Figure   8 shows the finite element mesh. The shell is discretized with 60 elements and the acoustic domain with 2300 elements.
To demonstrate the influence of the elastic duct on the acoustic mode propagation with no flow, Figure 9 compares pressure amplitudes obtained with rigid and elastic ducts. The acoustic mode, otherwise propagating, is reflected when interacting with the elastic duct. Though the method has been applied to duct acoustics only, it is applicable to a wide range of problems. At both ends of the duct all rotations and displacement are prescribed to zero except axial displacements and azimuthal rotations. Assuming that the duct axial displacement is small compared to the radial displacement, it can be shown that the duct radial displacement u is governed by the following equations:
The acoustic pressure in the duct is governed by the convected wave equation:
where M is the Mach number of the axial, uniform mean flow in the duct. The geometric coupling condition is expressed by:
For an harmonic force f e , acoustic pressure and radial structural displacement can be written:
where a and b are the radial and axial mode number, respectively. The modes are given by:
, with k = ω/c 0 and
J 0 and Y 0 are the zeroth order Bessel functions of the first and second kind, respectively. The radial wave numbers k ra are the solutions of the caracteristic equation:
The generalized variables α ab and β c are defined by a set of linear equations:
The coefficients of this linear system are given by:
,
For a > 0, one has the following expressions:
where
For the case a = 0, the expressions above are replaced by:
With no mean flow, K bc is given by:
The right-hand side of equations (A.2) is given by: a boundary condition which accounts for the duct wall elasticity [12] . When seeking for normal modes defined by 
